NEARLY GENERALIZED JORDAN DERIVATIONS 
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Abstract. Let A be an algebra and let X be an A-bimodule. A C— linear mapping 
d : A X is called a generalized Jordan derivation if there exists a Jordan derivation 
(in the usual sense) S : A ^ X such that d{a'^) = ad{a) + S(a)a for all a <E A. The main 
purpose of this paper to prove the Hyers-Ulam-Rassias stability and superstability of the 
generalized Jordan derivations. 



1. Introduction 

We say a functional equation (^) is stable if any function g satisfying the equation (^) 
approximately is near to a true solution of (^). The equation (^) is called superstable 
if every approximate solution of (^) is an exact solution. It seems that the stability 
problem of functional equations had been first raised by Ulam (cf. jlSj): Let (Gi,.) 
be a group and let (G2,*) be a metric group with the metric d{., .). Given e > 0, dose 
there exist a 6 > 0, such that if a mapping h : Gi — > G2 satisfies the inequality 
d{h{x.y), h{x) * h{y)) < 6 for all x,y E Gi, then there exists a homomorphism H : Gi — > 
G2 with d{h{x),H{x)) < e for all x G Gi? In the other words, Under what condition 
dose there exists a homomorphism near an approximate homomorphism? The concept 
of stability for functional equation arises when we replace the functional equation by an 
inequality which acts as a perturbation of the equation. In 1941, D. H. Hyers [7j gave a 
first affirmative answer to the question of Ulam for Banach spaces. Let / : E — > E' be 
a mapping between Banach spaces such that 

\\f{x + y)~f{x)-f{y)\\<5 

for all x,y G E, and for some 6 > 0. Then there exists a unique additive mapping 
T : E — > E' such that 

\\fix)-T{x)\\<6 
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for all X G E. Now assume that E and E' are real normed spaces with E' complete, 
f : E E' is a mapping such that for each fixed x E E the mapping t ^ f{tx) is 
continuous on M, and that there exist 5 > and p 7^ 1 such that 

ii/(x+2/)-/(x)-/(y)ii <5(iixr+ibr) 

for all x,y E E. It was shown by Rassias |T3] for p G [0, 1) (and indeed p < I) and Gajda 
[1] following the same approach as in for p > 1 that there exists a unique linear map 
T : E E' such that 

||/(x)-r(x)||<^^ 

for all X E E. This phenomenon is called Hyers-Ulam-Rassias stability, it is shown that 
there is no analogue of Rassias' result for p = 1 (see [U [T3]). 

In 1994, a generalization of the Rassias' theorem was obtained by Gavruta as follows [5]. 
Suppose (G,+) is an abelian group, i? is a Banach space, and that the so-called admissible 
control function (p : G x G ^M. satisfies 

00 

^{x, y) := J2 2~X2"x, 2^y) < 00 

n=0 

for all X, ?/ G G. If / : G ^ -E is a mapping with 

\\f(x + y)-f{x)-f{y)\\<cp{x,y) 

for all x,y E G, then there exists a unique mapping T : G ^ E such that T{x + y) = 
T{x) + T{y) and \\f{x) — T{x) \\ < (p{x,x) for all x,y E G. 

Since then several stability problems of various functional equations have been investi- 
gated by many mathematicians. The reader is referred to [21 [13] for a comprehensive 
account of the subject. 

Generalized derivations and generalized Jordan derivations first appeared in the context of 
operator algebras [8] . Later, these were introduced in the framework of pure algebra [31 [6] . 



Definition 1.1. Let A be an algebra and let X be an A-bimodule. A linear mapping 
d : A X is called a generalized derivation if there exists a derivation (in the usual 
sense) 6 : A ^ X such that d{ab) = ad{h) + 5{a)h for all a,h E A. 
Every right multiplier is a generalized derivation. 

Definition 1.2. |3j Let A be an algebra and let X be an A-bimodule. A linear mapping 
d : A ^ X is called a generalized Jordan derivation if there exists a Jordan derivation (in 
the usual sense) 5 : A ^ X such that d{a?) = ad{a) + 6{a)a for all a E A. 
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The stability of derivations was studied by Park in p.2j. M. Moslehian investigated 
the Hyers-Ulam-Rassias stabihty of generahzed derivations from a unital normed algebra 
A to a unit linked Banach A-bimodule. 

In this paper, we investigate the Hyers-Ulam-Rassias stability and moreover prove super- 
stabihty of generalized Jordan derivations. 

2. Main result 

In this section, we investigate Hyers-Ulam-Rassias stability of generalized Jordan deriva- 
tions from a unital Banach algebra to a unit linked Banach A-bimodule and use some ideas 
of [T01[I2]. 

Throughout this section, assume that A is a unital Banach algebra and, let X be unit 
linked Banach A-bimodule. 

We need the following lemma in the main results of the present paper. 

Lemma 2.1. [llj Let U,V be linear spaces and let f : U —>■ V be an additive mapping 
such that /(Ax) = Xf{x) for all x E U and all A G := {A G C ; |A| = 1}. Then the 
mapping f is C-linear. 

We start our work with a result concerning the superstability of the generalized Jordan 
derivations as follows. 

Theorem 2.2. Let p < 1 and 9 be nonnegative real numbers. Suppose f : A ^ X is a 
mapping with /(O) = for which there exists a map g : A —>■ X with g{0) = g{l) = such 
that 

+ Xb + c') - f{a) - \f{b) - cf{c) - g{c)c\\ < e\\f{c)l (2.1) 
\\g{Xab + Xc) - Xag{b) - Xg{a)b - Xg{c)\\ < ^(Haf + H&f + ||cf ) (2.2) 
for all a, 6, c G A and all A G T-*^. Then f : A ^ X is a generalized Jordan derivation. 

Proof. Letting c = and A = 1 in (2.1), we get 

f{a + b) = f{a) + f{b) 

for all a,b E A. So f is additive. 

Letting a = c = in (2.1), we get f{Xb) = Xf{b) for all b e A and all A G T 
2.1, the mapping / is C-linear. 
Putting a = b = and A = 1 in (2.1), we get 

\\f{c')-cf{c)~g{c)c\\<e\\f{c)\\ 



. By Lemma 



(2.3) 
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for all c E A. Replacing c by 2"c in (2.3) we obtain 

||/(22V) - 2"c/(2"c) - 2-g{2-c)c\\ < e\\f{2-c)\\, 

whence 

||2-2"/(22V) - 2-"c/(2"c) - 2-"c/(2"c)c|| < 2-2"e||/(2"c) || 
for all c G A. Hence 

\\f{c') - cf{c) - 2--g{2^c)c\\ < 2--e\\f{c)\\ (2.4) 

for all ce A. 

Let n tend to oo in (2.4). Then 

fie") = cf{c) + lim 2-"^(2'^c)c 

n— ►oo 

for all c E A. By Hyers' Theorem, the sequence {2~"5'(2"c)} is convergent. Set 5{c) :— 
hm„_oo 2~"5'(2"c) for all c e A. Hence 

f{c') = cf{c) + 6{c)c (2.5) 

for all c E A. 

Next we claim that 5 is a Jordan derivation. Putting 6=1 and replacing a, c by 2"a, 2"c, 
respectively, in (2.2), we get 

||^(2-(Aa + Ac)) - A^(2-a) - A5(2"c)|| < ^(||2"a|r + ||2"c|r + 1), 

whence 

2-"||^(2"(Aa + Ac)) - A^(2"a) - A^(2"c) || < 2-"^(||2"a||^' + ||2"c||^' + 1) (2.6) 

for all a,c E A and all A e T^. Let n tend to oo in (2.6). Then 

6{Xa + Ac) = X6{a) + X6{c) (2.7) 

for all a, c e A and all A e T^. Hence by Lemma 2.1 S is C-linear. Now, letting c — 0, 
X — 1 and replacing 6 by a in (2.2), we get 

\\g{a^)-ag{a)-g{a)a\\<2e\\ar 
for all a E A. Replacing a by 2"a in above inequality, we get 

||5(22V) - 2"a5(2"a) - 2"^(2"a)a|| < 2^||2"a||f (2.8) 

for all a e A. Thus 

||2-2"^/(22V) - 2-'^a^(2"a) - 2-'^^(2"a)a|| < 92''^-^^ \\a\\P (2.9) 
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for all a E A. Hence by letting n — > oo in (2.9), we conclude that 5(a^) = a6{a) + 6{a)a 
for all a G A. It then follows from (2.5) that / is a generalized Jordan derivation. □ 

Theorem 2.3. Let p > 1 and 9 he nonnegative real numbers. Suppose f : A —>■ X is a 
mapping with /(O) = for which there exists a map g : A —>■ X with g{0) = g{l) = such 
that 

||/(a + Xb + c') - f{a) - Xf{b) - c/(c) - gic)c\\ < ^||/(c)||, 
\\g{Xab + Xc) - Xag{b) - Xg{a)b - Xg{c)\\ < ^(Haf + H^f + ||cf ) 
for all a,b,c & A and all X &T'^. Then f : A —>■ X is a generalized Jordan derivation. 

Proof. The proof is similar to the proof of Theorem 2.2. □ 
Now we prove the Hyers-Ulam-Rassias stability of generalized Jordan derivations. 

Theorem 2.4. Suppose f : A ^ X is a mapping with /(O) = for which there exist a 
map g : A —>■ X with g{0) = g{l) = and a function ip : A x A x A ^ such that 

max{ \\f(Xa + Xb + c^)- A/(a) - A/(b) - c/(c) - g{c)c\\, 

\\g{Xab+Xc) - Xag{b) - Xg{a)b - Xg{c)\\} < f{a,b,c), (2.10) 

oo 

^{a, b, c) := 2-^ ^ 2-'^{a, b,c) <oo (2.11) 

i=0 

for all X E A and all a,b,c E A. Then there exists a unique generalized Jordan derivation 
d : A X such that 

\\f{a)-d{a)\\<ip{a,a,0) (2.12) 

for all a E A. 

Proof. By (2.10) we have 

||/(Aa + Xb + c') - Xfia) - A/(6) - c/(c) - g{c)c\\ < y;(a, b, c), (2.13) 

\\g{Xab + Xc) - Xag{b) - Xg{a)b - Xg{c)\\} < f{a,b,c) (2.14) 
for all a,b,c E A. Setting c = and A = 1 in (2.13), we have 

\\f{a + b)-f{a)-f{b)\\<v{a,b,0) (2.15) 

for all a,b E A. Now we use the Rassias method on inequality (2.15) (see [SI [9]). One can 
use induction on n to show that 

n-l 

||2-V(2"a)-/(a)|| <2-i^2-V(2X2X0) (2.16) 

i=0 
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for all n G N and all a E A, and that 

n-l 

||2-"/(2"a) - 2-'^f{T'a) \\ < 2'^ ^ 2-'ip{Ta, Ta, 0) (2.17) 

i=m 

for all 77, > m and all a E A. It follows from the convergence (2.11) that the sequence 
2~"'/(2"a) is Cauchy. Due to the completeness of X, this sequence is convergent. Set 

d{a) := lim 2-"/(2"a). (2.18) 

Putting c = and replacing a, b by 2"a, 2"6, respectively, in (2.13), we get 

||2-"/(2"(Aa + Xb)) - 2-"A/(2"a) - 2-"A/(2"6)|| < 2-X2"a, 2"6, 0) (2.19) 

for all a,b E A and all A G T^. Taking the limit as tt, ^ cxo we obtain 

d{Xa + Xb) = Xd{a) + Xd{b) 

for all a,b E A and all A G T^. So by Lemma 2.1, the mapping d is C-linear. 
Moreover, it follows from (2.16) and (2.18) that ||/(a) —(i(a) || < Lp{a, a, 0) for all a G A. it 
is known that the additive mapping d satisfying (2.12) is unique [1]. Putting A = 1, a = 
6 = 0, and replacing c by 2"c in (2.13), we get 

||/(22V) -2"c/(2"c) -2"^(2"c)c|| < V5(0,0,2"c), (2.20) 

whence 

||2-2"/(22"c2) - 2-"c/(2"c) - 2-''g{T'c)c\\ < 2'^''^{0, 0, 2"c) (2.21) 

for all c E A. By (2.18), lim„^oo 2~^"/(2^"a) = d{a) and by the convergence of series 
(2.11), lim2-2n 99(0, 0, 2"c) = 0. Hence the sequence 2~^g{2^c) is convergent. Set S{c) := 
lim„^oo2-"^(2"c) for all c E A. Let n tend to 00 in (2.21). Then 

d(c^) = cd{c) + 6{c)c. (2.22) 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 2.5. Suppose f : A —>■ X is a mapping with /(O) = for which there exist 
constant > 0, p < 1 and a map g : A ^ X with 5f(0) = g{l) = such that 

max{ \\f{Xa+Xb + c") - A/(a) - Xf{b) - cf{c) - g{c)c\\, 

\\g{Xab + Ac) - Xag{b) - Xg{a)b - Xg{c)\\ < 9{\\a\\P + + ||cf ) (2.23) 

for all X E A and all a,b,c E A. Then there exists a unique generalized Jordan derivation 
d : A —y X such that 



II II <Y^|^ (2.24) 
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for all a E A. 

Proof. It follows from Theorem 2.4 by Putting (p{a, b, c) = ^(||a||*' + \\b\\P + \\c\\p). □ 

Theorem 2.6. Suppose f : A ^ X is a mapping with /(O) = satisfying (2.13) for 
which there exist a map g : A ^ X with g{0) = g{l) = satisfying (2.14) and a function 
(p : A X A X A ^R'^ such that 

oo 

<p{a, b, c) := 2-^ 2~V(2~'a, 2'% 2"^) < oo (2.25) 

i=l 

for all a,b,c e A. Then there exists a unique generalized Jordan derivation d : A ^ X 
such that 

\\fia)-dia)\\<<fia,a,0) (2.26) 

for all a E A. 

Proof. The proof is similar to the proof of Theorem 2.4. □ 

Corollary 2.7. Suppose f : A ^ X is a mapping with /(O) ~ satisfying (2.23) for 
which there exist constant 9 > 0, p > 1 and a map g : A ^ X with g{0) = g{l) = 
satisfying (2.23). Then there exists a unique generalized Jordan derivation d : A ^ X 
such that 

\\m-d{a)\\<^^ 

for all a E A. 

Proof It follows from Theorem 2.6 by putting ip{a, b, c) = 9{\\a\\P + \\b\\P + ||cf). □ 

Corollary 2.8. Suppose f : A ^ X is a mapping with /(O) = for which there exist 
constant 6 > and a map g : A ^ X with g{0) — g{l) — such that 

max{||/(Aa + Xb + c') - Xf{a) - Xf{b) - cf{c) - g{c)c\l 
\\g{\ab + Xc) - Xag{b) - Xg{a)b - Xg{c)\\} < 9 

for all X E A and all a,b,c & A. Then there exists a unique generalized Jordan derivation 
d : A ^ X such that 

\\fia)-dia)\\<9 

for all a & A. 

Proof. Letting ^ = in Corollary (2.5), we obtain the result. □ 
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